13| =« DERIVATIVES

DEFINITION OF A DERIVATIVE

If y = f(x), the derivative of y or f(x) with respect to z is defined as

13.1 W F@ER) = f@) o f@tAr) — f)
dx h—0 h Az=0 Ax

where h = Ax. The derivative is also denoted by ¥’, df/dx or f/(x). The process of taking a derivative is
called differentiation.

GENERAL RULES OF DIFFERENTIATION

In the following, u, v, w are functions of x; a, b, ¢, n are constants [restricted if indicated]; e =2.71828...
is the natural base of logarithms; In u is the natural logarithm of u [i.e. the logarithm to the base ¢] where
it is assumed that « > 0 and all angles are in radians.
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13.3 e (ex) = ¢
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13.4 P (cx®) = mexn—1

13.5 —‘i(uiviwi---) = =k k= ..

dx dx dx dx
13.6 d%(cu) = CZ_Z

13.7 %(uv) = u%+ ”Z—Z

13.8 %(qu) = uv% + “w% + ”w%xi

13.9 d <u> _ v(du/dx) — w(dv/dz)

dx \ v v2

13.10 —g—(u”) = nu”_ld—u

dx dx
13.11 gll—xy— = —Z—Z % (Chai= rule)
13.12 j_:: - dw}du
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dx - dx
L osu = —si du
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d du
& = 2 2%
Tz tan u sec udx
4 sin"tu = 1 du
dz Vicw
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x V1 = 2 dx
i’can—lu = 1 du
dx 1+ u2 da
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dx T 1+ u2de
isec—lu =1 _du
dx ]u!w/uz——l dx
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x lu| Va2 — 1 dx

T w1
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1319 Loscu
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dx

du
sec u tan u——
dx

i

. du
= -—cscu cotu—
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~ if 7/2 < seclu < x

du —if 0 < csc—lu < 7/2
+ if —7/2 < ecse~lu < 0
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(%logau - loi“ej—: a 0,1

%lnu %logeu = %3—2

%a" = a"lna%

%uv = —xevlnu = e'lmu—fyplnu] = vu”‘1%+uvlnu%

13.31
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13.33

d . _ du
iz sinhu = coshu Jr
d . du

T coshu = sinhu dr

d du
* = 2, U
o tanh « sech?u I

1334 L cothu
dx

13.35 @ sech u
dx

13.36

d_da? esch u

du
g — 2 -
csch2 u ar

= —sechu tanhu du
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= —cschucothu du
dz
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d . 1 du
13.37 ——sinh—tu = ad
dx Veit1de
d *1 du + if cosh—1u >0, u>1
= 1y = ——- %
1338 GpeoshTiu = == [— if cosh~1u < 0, u > 1]
1339 Lianp-1y = 1 % [~1<u<1]
dx 1—u2dx
d 1 du
—_ —1 - —
13.40 dp Coth™1u ey [u>1 or u<-1]
— — if sech-1u>0,0<u<1
13.41 disech"lu = Tl du [ 'lf ° -1 ) :l
x w1 — 2 9% + if sech-1u <0, 0<u<1
d -1 du *1 du
1342 —ecsch—ly = ——— = = o 2% —ifu>0 + if u<o0
dzx lu| VI+ u2 4% V1 +u2 o [ )

HIGHER DERIVATIVES

The second, third and higher derivatives are defined as follows.

. . _ d d?/ _ d2y _ 7 — 1"
13.43 Second derivative = pm <~dx> = gz = (x) = vy
. s . _ d dZy —_ d3y — 117 _ 1"
13.44 Third derivative = dz <——dx2> b ') = y
N _ 4 fdyN _ dwy L, _
13.45 nth derivative = I <dx"—l> = g = W@ =y

LEIBNITZ'S RULE FOR HIGHER DERIVATIVES OF PRODUCTS

(4 D,
Let D® stand for the operator 4 so that DPu = 37% = the pth derivative of u. Then

dx?
13.46 Dr(uv) = uDm™ + <;‘> (Du)(D»— ) + <;’> (D2u)(D»—20) + +++ + pDny
where <1L>, <;">, ... are the binomial coefficients [page 3].
As special cases we have
d2 _ . d du dv dPu
13.47 W(uv) = ugst 230; a-l— V2
B = g8 g dud o Pudy du
13.48 (—iﬁ(uv) = % +3 dx dx? +3 dz? dx + Yzt
DIFFERENTIALS
Let y = f(x) and Ay = f(x+ Ax) — f(x). Then
Ay _ fletax) —f®) _ - Y
13.49 A - A Fflx) + ¢ Tt

where ¢~ 0 as Ax = 0. Thus
13.50 Ay = fl(x)Ax + eAx

If we call Ax = dz the differential of z, then we define the differential of y to be

13.51 dy = f(x)da
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56 DERIVATIVES

RULES FOR DIFFERENTIALS

The rules for differentials are exactly analogous to those for derivatives. As examples we observe that

13.52 duxvrzwx--:) = du*dv = dw = ---
13.53 duv) = udv + vdu
13.54 d(ﬂ) — 2du — udy
v v2
13.55 dur) = nur—1du
13.56 d(sinu) = cosudu
13.57 d(cosu) = —sinu du

PARTIAL DERIVATIVES

Let f(x,y) be a function of the two variables « and y. Then we define the partial derivative of f(z,y)
with respect to «, keeping y constant, to be

13.58 f  _ Ly [@tAr ) — fy)

ox Axr—0 Ax

Similarly the partial derivative of f(x,y) with respect to y, keeping « constant, is defined to be

13.59 f  _ |y [@ytay) = fy)
ay Ay—0 Ay

Partial derivatives of higher order can be defined as follows.

&2f _ 9 (9 #f _ 3 (¥

13.60 a2 T ax <6x>’ oy: oy <ay>
2 _ o (o @ _ (o

13.61 dxdy ~ ox <ay>’ dyox Ay <ax>

The results in 13.61 will be equal if the function and its partial derivatives are continuous, i.e. in such
case the order of differentiation makes no difference.

The differential of f(x,y) is defined as
_ o 8f
13.62 df = py" dx + 3 dy
where dx = Ax and dy = Ay.

Extension to functions of more than two variables are exactly analogous.



_ DEFINITION OF AN

d
If d—g— = f(x), then y is the function whose derivative is f(z) and is called the anti-derivative of f(x)
N - . i
or the indefinite integral of f(x), denoted by f f(x) de. Similarly if y = ff(u) du, then -z% = f(u).
Since the derivative of a constant is zero, all indefinite integrals differ by an arbitrary constant.

For the definition of a definite integral, see page 94. The process of finding an integral is called
integration.

~ GENERAL RULES OF INTEGRATION

In the following, u,v, w are functions of =z; a,b,p, q,n any constants, restricted if indicated;
e = 2.71828. .. is the natural base of logarithms; In u denotes the natural logarithm of « where it is assumed
that » > 0 [in general, to extend formulas to cases where u < 0 as well, replace In u by In |u]]; all angles
are in radians; all constants of integration are omitted but implied.

14.1 fadx = ax
14.2 faf(x)dx = a,f f(x) de

14.3 f(uiviwi~-~)dx = fudx'_"ffudxifwdmi“-

14.4 f udv = uv — f v du [Integration by parts)

For generalized integration by parts, see 14.48.

14.5 f flax)de = % f Fu) du

d F
14.6 f F{f(x)} dw = fF(u)—dz du = j%du where u = f(x)
n _ un+1 _ _
14.7 f urdu = porae n# —1 [For n = —1, see 14.8]

14.8 f du
u

14,9 fe“du = e

Inu if >0 or In(—uw) if u<0

In |u|

14.10 fa"-du = fe’“"“du = = Lua, a>0, a1
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14.11 f sinudu = —cosu

14.12 J cosudu = sinu

14.13 ftanudu = Insecu = —Incosu
14.14 fcotu du = Insinu

14.15 fsecudu = In(secu + tanu) = lntan<%—|—£>

14.16 fcscudu In(cscu — cotu) = In tan %
14.17 f sec2u du = tanwu
14.18 J esc2udu = —cotu

14.19 ftanzudu = tanu — u

14.20 f cot2udu = —cotu = u

in 2
14.21 f sin2u du = g— - E%—u = M(u — sinu cosu)
14.22 j cos2u du = % + ﬂ%—zﬂ = (u + sinu cosu)

14.23 f secu tanu du = secu
14.24 f escucotudu = —cscu
14.25 f sinhw du = coshu
14.26 f coshu du = sinhu

14.27 f tanhudu = Incoshu

14.28 f cothudu = Insinhu
14.29 f sechu du = sin—l(tanhu) or 2tan~le
14.30 f eschudu = In tanh;—t or —coth—le¥

14.31 f sech?u du = tanhu
14.32 f esch2udu = —cothu

14.33 ftanhzu du = u — tanhu



